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Abstract. A chiral model based on nucleons interacting via boson exchange is investigated. Fluctuation effects are included
consistently beyond the mean-field approximation in the framework of the functional renormalization group. The liquid-gas
phase transition of symmetric nuclear matter is studied in detail. No sign of a chiral restoration transition is found up to
temperatures of about 100 MeV and densities of at least three times the density of normal nuclear matter. Moreover, the model
is extended to asymmetric nuclear matter and the constraints from neutron star observations are discussed.
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INTRODUCTION
The phase diagram of Quantum Chromodynamics (QCD) includes various facets from the early universe to heavy-
ion collisions and neutron stars. One important aspect of QCD in its hadronic phase is spontaneous chiral symmetry
breaking. Whereas a crossover to a chirally restored phase at zero chemical potential is well established, the situation
at higher chemical potentials is less clear. A first-order phase transition with a critical endpoint has been intensively
discussed in the literature. Model calculations often predict a chiral first-order transition close to the liquid-gas phase
transition at relatively low baryon densities. We address this problem by studying a chiral nucleon-meson (ChNM)
model [1, 2] with parameters fitted to the empirical properties of nuclear matter close to the liquid-gas transition. In
addition to an earlier mean-field analysis [3], we include field fluctuations beyond the mean-field approximations in
the framework of the functional renormalization group (FRG). An important finding of our study of the FRG-improved
chiral nucleon-meson (FRG-ChNM) model is that chiral symmetry restoration in symmetric nuclear matter is shifted
up to very high densities.
A similar issue shows up also in the discussion of pure neutron matter. Perturbative in-medium chiral effective field
theory (ChEFT) calculations show an almost linearly decreasing chiral condensate as a function of density [4, 5].
Taken at face value, chiral symmetry would be restored already at about three times nuclear saturation density. This
would imply a possibly “exotic” composition of matter in the central core of heavy neutron stars at characteristic
densities around and beyond five times nuclear saturation density. In contrast, the FRG-ChNM model predicts that
the chiral order parameter is stabilized by fluctuations up to densities of about seven times nuclear saturation density.
Consequently, chiral symmetry is still spontaneously broken at high densities and the model is applicable in order to
provide an equation of state as input for neutron star studies. We find that the mass and radius constraints from recent
neutron star observations are fulfilled.
CHIRAL NUCLEON-MESON MODEL
The ChNM model [1, 2] is based on a linear sigma model and involves an effective potential that is adjusted to
reproduce empirical properties of nuclear matter around the liquid-gas phase transition. The relevant degrees of
freedom in this regime are nucleons, i.e., protons and neutrons, combined in a two-component field ψ = (ψp,ψn).
The long-range nucleon-nucleon interaction is generated by pion exchange. The isovector pion is combined with a
scalar-isoscalar field, σ , in a chiral four-component field (~pi ,σ). Short-range dynamics is modeled by isoscalar-vector
interactions, (ψ¯γµ ψ)(ψ¯γµψ), and isovector-vector interactions, (ψ¯γµ~τψ) · (ψ¯γµ~τψ), where ~τ are the isospin Pauli
matrices. After a Hubbard–Stratonovich transformation, these interactions can be thought of as mediated by exchange
of heavy vector bosons, ωµ and ~ρµ , respectively. The corresponding field strength tensors are F (ω)µν = ∂µων − ∂νωµ
and ~F (ρ)µν = ∂µ~ρν − ∂ν~ρµ − gρ~ρµ ×~ρν . The vector bosons are heavy as compared to the relevant scales and will
be treated as background fields in a mean-field approximation. Rotational invariance implies that only the time
components ω0 and ρ30 are non-vanishing, and the non-abelian part of ~F
(ρ)
µν vanishes. In Minkowski space, the
Lagrangian of the ChNM model is given by
L = ψ¯ iγµ∂ µψ +
1
2
∂µσ ∂ µσ +
1
2
∂µ~pi ·∂ µ~pi− ψ¯
[
g(σ + iγ5~τ ·~pi)+ γµ(gω ω µ + gρ~τ ·~ρ µ)
]
ψ
−
1
4
F (ω)µν F (ω)µν −
1
4
~F (ρ)µν ·~F(ρ)µν +
1
2
m2v
(
ωµ ω
µ + ~ρµ ·~ρ µ
)
−U (σ ,~pi).
(1)
In a mean-field approximation, the fermions are integrated out and the bosons are replaced by their non-vanishing
vacuum expectation values, denoted for convenience by σ , ω0 and ρ30 . The expectation value of σ generates a
dynamical nucleon mass, MN = gσ , and the expectation values of the vector fields shift the neutron and proton
chemical potentials according to
µeffn,p = µn,p− gωω0± gρρ30 . (2)
The parameters of the potential U together with the vector boson coupling strengths are fitted to reproduce empirical
data, such as the binding energy, the compression modulus and the surface tension of nuclear matter, the symmetry
energy, as well as the nucleon mass, the pion mass and the pion decay constant [3, 6, 7].
Fluctuations are included in the non-perturbative framework of the functional renormalization group. The flow of
an effective action Γk (which depends on a renormalization scale k) is determined in such a way that it interpolates
between the ultraviolet action Γk=Λ = S at a cutoff Λ = 1.4 GeV and the full quantum effective action Γk=0 = Γeff. The
respective flow equation [8] is given by:
k ∂Γk∂k = =
1
2
Tr
[
k ∂Rk∂k ·
(
Γ(2)k +Rk
)−1]
. (3)
In this formula, Γ(2)k is the second derivative of the effective action with respect to the fields. Moreover, Rk is a
regulator function that makes the flow IR finite. Note that Γ(2)k +Rk is the full inverse propagator. The flow equation
is, in principle, an exact equation that gives the full non-perturbative result for the quantum effective action.
As demonstrated in Refs. [6, 9, 7], the fluctuations of nucleons, pions and the σ field are included with respect
to the potential at the liquid-gas phase transition at vanishing temperature. The potential in the ultraviolet is chosen
such that the (slightly modified) mean-field potential is reproduced at that point. The loops include pionic fluctuations
and important particle-hole excitations of the nucleons around the Fermi surface. The flow equation sums up in a
non-perturbative way all kinds of pion exchange processes as well as multi-nucleon forces that are generated by the
effective potential U (σ) through its highly nonlinear dependence on the expectation value of the σ field.
By varying the temperature and the proton and neutron chemical potentials, the nuclear phase diagram around the
liquid-gas transition can then be studied as demonstrated in Refs. [6, 7].
RESULTS AND DISCUSSION
Figure 1 shows the energy per particle of nuclear matter and pure neutron matter at vanishing temperature. The
symmetry energy is not very accurately determined [14], so we have varied the parameters in order to cover a range
29 MeV≤ Esym ≤ 33 MeV represented by the band for pure neutron matter. Both the equation of state of symmetric
nuclear matter and of pure neutron matter are close to results of sophisticated many-body calculations. The fluctuations
beyond mean-field approximation play an important role in improving the agreement, as compared to mean-field
results. As a consequence, the FRG-ChNM model is well prepared to cover a broad range of densities up to at least
three times nuclear saturation density, n0 = 0.16 fm−3.
The chiral order parameter is given in this model by the expectation value of the field σ . On the left-hand side of
Fig. 2, we show this chiral order parameter normalized to its vacuum value (the pion decay constant fpi ) as a function
of density in the case of symmetric nuclear matter. We see that the condensate decreases quite slowly, in agreement
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FIGURE 1. The energy per particle as a function of density (normalized to nuclear saturation density n0). Left: symmetric nuclear
matter, with the FRG-ChNM result (solid line), the APR EoS (dotted, [10]) and a QMC computation (dashed, [11]). Right: pure
neutron matter, with the FRG-ChNM result (gray band, with 29 MeV ≤ Esym ≤ 33 MeV), ChEFT (full line, [12]), QMC based on
realistic potentials (dashed, [11]), QMC based on chiral potentials (dotted, [13]), and APR (dashed-dotted, [10]).
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FIGURE 2. The chiral order parameter as a function of density (normalized to nuclear saturation density n0). Left: symmetric
nuclear matter. Right: pure neutron matter, with FRG-ChNM results (solid line, FRG) and the mean-field results (dashed line, MF).
with findings from chiral effective field theory [15]. It is found that the chiral order parameter σ stays above sixty
percent of its vacuum value fpi for temperatures T . 100 MeV and baryon chemical potentials up to about 1 GeV. As a
consequence, chiral symmetry restoration is moved far away from the well established nuclear physics region around
the liquid-gas phase transition.
When applied to neutron matter, the mean-field approximation of the ChNM model suggests, at first sight, a
relatively steep decrease of the chiral order parameter as shown on the right-hand side of Fig. 2. In contrast, once
fluctuations are included using the functional renormalization group, the chiral condensate is stabilized and chiral
symmetry restoration is shifted to much higher densities, typically about seven to eight times nuclear saturation density.
Thus our model is capable of dealing with even the inner core of neutron stars in terms of hadronic (rather than quark-
gluon) degrees of freedom.
Given an equation of state as input, the mass-radius relation of neutron stars can be computed using the Tolman–
Oppenheimer–Volkoff (TOV) equations. As a test case we start from a simple scenario in which the crust is described
by a phenomenological equation of state while the whole interior of the neutron star is modeled by the FRG-ChNM
approach, including beta equilibrium to control the admixture of protons. In Fig. 3, we show the mass-radius relation
obtained from a solution of the TOV equations, allowing for a range of possible values for the symmetry energy. The
most massive stars in our calculation are consistent with the observations of two-solar-mass neutron stars [16, 17],
and also with (less stringent) constraints from radius determinations [18, 19]. Because of the required stiffness of
the equation of state, the density reached in the core of a neutron star with mass M ≃ 2M⊙ is not ultrahigh, just
slightly above five times nuclear saturation density. As pointed out, chiral symmetry is still in its spontaneously broken
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FIGURE 3. Calculated mass-radius relation for neutron star matter. The band of trajectories in the M-R plane corresponds to a
range of values for the nuclear symmetry energy between 29 and 33 MeV. Shown for comparison are the mass-radius constraints
from ref.[18], the radius constraint [19], and the two-solar-mass neutron stars [16, 17].
Nambu–Goldstone realization at these densities, so that a necessary condition for the applicability of the present model
is fulfilled. Of course, a more detailed investigation requires considering also hyperons and their interactions in dense
matter.
In summary, the FRG-ChNM model is well suited to study the thermodynamics of both symmetric and asymmetric
nuclear matter over a broad range of densities and temperatures. In order to draw conclusions about chiral symmetry
restoration in baryonic matter, it is of crucial importance to properly include fluctuations beyond the frequently used
mean-field approximation.
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